Abstract. A class of Poisson algebras considered as a Poisson version of the multiparameter quantized coordinate rings of symplectic and Euclidean 2n-spaces is constructed and the prime Poisson ideals and the symplectic ideals of these Poisson algebras are described. As a result, it is shown that the multiparameter quantized symplectic and Euclidean 2n-spaces are topological quotients of their classical spaces.
Introduction
There is the following conjecture in [1, II.10.12] : Primitive spectra of quantized algebras are topological quotients of their classical spaces. This conjecture is known to hold in the cases O q (SL 2 ), O q ((k × ) n ) in [17] , O q (k n ) in [4] and O q (sp(k 4 )) in [7] . The main purpose of this paper is to show that this conjecture is true for the multiparameter quantized symplectic and Euclidean 2n-spaces.
A quantization of a Poisson algebra is a certain associative algebra with multiplication deformed by a given Poisson bracket [2, Ch. 6] and thus quantized spaces seem to be naturally related to their Poisson structures. For instance, Hodges, Levasseur and Toro described in [6] that the primitive ideals of a multiparameter quantum group correspond to the symplectic leaves of its Poisson variety in the case when they are algebraic and Vancliff have a similar result for O q (M 2 ) in [17] . Goodearl and Letzter proved in [4] that the prime and primitive spectra of O q (k n ), the multiparameter quantized coordinate ring of affine n-space over an algebraically closed field are topological quotients of the corresponding classical spectra and the author showed in [14] that the prime and primitive spectra of O q (k n ) are topological quotients of the corresponding Poisson spectra. Hence it seems that if A is a Poisson algebra which is the coordinate ring of an affine variety V then the prime and primitive spectra of standard quantized coordinate rings of V are topological quotients of the prime Poisson and symplectic spectra of A. Here we investigate the Poisson structures for the multiparameter quantized symplectic and Euclidean 2n-spaces and then we prove using the
Poisson polynomial ring
Let A be a Poisson algebra. A derivation δ on A is said to be a Poisson derivation if δ({a, b}) = {δ(a), b} + {a, δ(b)} for all a, b ∈ A. for all a, b ∈ A. Hence α is a Poisson derivation and δ is a derivation such that the pair (α, δ) satisfies (1.2). Conversely, we suppose that α is a Poisson derivation and δ is a derivation satisfying the condition (1.2). It is enough to check that the k-bilinear map {·, ·} Hence we have δ({ab, c}) − {δ(ab), c} − {ab, δ(c)} = δ(ab)α(c) − α(ab)δ(c), as claimed.
An ideal I of a Poisson algebra A is said to be a Poisson ideal of A if {I, A} ⊆ I. For Poisson algebras A and B, an algebra homomorphism f : A −→ B is said to be a Poisson homomorphism if f ({a, b}) = {f (a), f (b)} for all a, b ∈ A. 
If f, g ∈ A then the formulas in (1.5) hold trivially since β ′ is a Poisson derivation on A. Hence it is enough to prove (1.5) for the case f = a ∈ A and g = y by Lemma 1.2. Now we have that 
It is checked routinely that δ ′ is a well-defined k-linear map and satisfies the required conditions. 
for all a ∈ A, and thus Proof. Since I is proper, there exists a prime ideal Q of A such that I ⊆ Q. Set P = (Q : H(A)). Then P is a prime Poisson ideal containing I by [14, Lemma 1.3] . The sets spec(R) and spec(A) are topological spaces equipped with Zariski topologies and the others are also topological spaces equipped with relative topologies since prim(R) ⊆ spec(R), max A ⊆ spec A and symp(A) ⊆ pspec(A) ⊆ spec(A).
Poisson algebra
Then the polynomial ring k[y 1 , x 1 , · · · , y n , x n ] has the following Poisson bracket:
Proof. Let k[h] be the polynomial ring and let A be the k[h]-algebra generated by y ′ 1 , x ′ 1 , · · · , y ′ n , x ′ n subject to the following relations:
Then h is not a zero divisor of A and A n = A/hA is the commutative polynomial ring k[y 1 , x 1 , · · · , y n , x n ], where
Moreover, the algebra A n has the Poisson bracket (2.1) by [1, III.5.4] . It completes the proof.
Remark 2.2. Set
n,Γ and A j = A j−1 [y j , x j ] for each j, and thus, by Theorem 1.1, there exist Poisson derivations α j , β j and a derivation δ j such that A j can be presented by
for all j = 1, · · · , n − 1, and note that
for all a ∈ A j−1 . Hence we have A j = (A j−1 ; α j , β j , −q j , −Ω j−1 ) by Lemma 1.4 and so the Poisson algebra A n = A P,Q n,Γ has the chain of Poisson subalgebras
Lemma 2.3. As in Remark 2.2, set
(a) For any Ω j ,
We have the following relations:
Hence, y i and x i are Poisson normal modulo Ω i and Ω i−1 .
Proof. The formulas of (a) follow from (2.1) and the formulas of (b) follow immediately since
A subset T of P n is said to be admissible if it satisfies the conditions:
Definition 2.5. We define an order relation on the generators of A n by
Hence the standard monomials of A n are of the form y
1 · · · y rn n x sn n , where r i , s i are nonnegative integers.
Let T be an admissible set. In order to find a k-basis for A n / T , we use an argument for a Gröbner-Shirshov basis. Refer to [15] and [9] for further background and terminologies on the Gröbner-Shirshov basis.
Lemma 2.6. (a) For every admissible set T of A n , T is a Gröbner-Shirshov basis.
(b) The algebra A n / T has a k-basis consisting of the natural images of all the standard monomials which are not divided by any element in the set
Proof. We use the notation given in [15, 1.2] . By [15, Theorem 1.5] , it is enough to show that T is closed under composition. Since the maximal monomial of Ω i is y i x i , a composition occurs for the following three cases:
Clearly, all the three cases are closed under composition, hence T is a Gröbner-Shirshov basis and (b) follows immediately from [15, Theorem 1.5] since all standard monomials form a k-basis of A n .
Proposition 2.7. For every admissible set T , the ideal T is a prime
Poisson ideal of A n .
Proof. We proceed by induction on n. If n = 1 then there are four admissible sets, namely, φ, {y 1 , Ω 1 }, {x 1 , Ω 1 } and {y 1 , x 1 , Ω 1 }, which respectively generate the prime Poisson ideals 0, y 1 , x 1 and y 1 , x 1 . Suppose now that n > 1 and that for each k < n, if U is an admissible set of A k then the ideal generated by U is a prime Poisson ideal of A k . Given an admissible set T of A n , let T ′ = T ∩ P n−1 . Then T ′ is an admissible set of A n−1 and the ideal T ′ is a prime Poisson ideal of A n−1 by the induction hypothesis. Note that T is one of the following five sets:
by Remark 2.2 and Lemma 1.3, it is enough to prove that the canonical images of the above five sets in B generate prime Poisson ideals in B.
The case T = T ′ : The ideal of B generated by the canonical image of T ′ is 0 clearly.
The case T = T ′ ∪ {y n , Ω n }: Since Ω n−1 ∈ T ′ , the canonical image of Ω n in B is (q n − p n )y n x n and {y n , x n } = −q n y n x n in B. Hence the ideal of B generated by the canonical images of T in B is y n which is a prime Poisson ideal of B.
The case T = T ′ ∪ {x n , Ω n }: As in the case T = T ′ ∪ {y n , Ω n }, the ideal of B generated by the canonical image of T is x n which is a prime Poisson ideal of B.
The case T = T ′ ∪ {y n , x n , Ω n }: Since Ω n−1 ∈ T ′ , the canonical image of Ω n in B is (q n − p n )y n x n and {y n , x n } = −q n y n x n in B. Hence the ideal of B generated by the canonical images of T in B is y n , x n which is a prime Poisson ideal of B.
Proposition 2.8. (a) For every prime Poisson ideal
Then pspecA n is the disjoint union of all pspec T A n , that is,
3) and so y i ∈ P or x i ∈ P since P is a prime ideal. Conversely, if
3). Hence we have that, for i ≥ 2, Ω i , Ω i−1 ∈ P ∩ P n if and only if y i ∈ P ∩ P n or x i ∈ P ∩ P n , and that Ω 1 ∈ P ∩ P n if and only if y 1 ∈ P ∩ P n or x 1 ∈ P ∩ P n . It follows that P ∩ P n is admissible. (b) It follows immediately from (a).
Definition 2.9. [13, Definition 3.1] Let T be an admissible set of A n and let S T be the subset of P n consisting of
We define length(T ) to be the number of elements in S T . Note that the number of elements in S T is equal to that of A T given in Lemma 2.6.
Lemma 2.10. For any admissible set T of A n , the Gelfand-Kirillov dimension of A n / T is equal to 2n − length(T ).
Proof. We proceed by induction on n. If n = 1 then there are four admissible sets, namely, φ, {y 1 , Ω 1 }, {x 1 , Ω 1 }, {y 1 , x 1 , Ω 1 }. Let I be the ideal of A 1 generated by one of the above sets. Then A 1 /I is one of the forms
Hence the conclusion for n = 1 is true clearly. Suppose now that n > 1 and that for each k < n, if U is an admissible set of A k then the Gelfand-Kirillov dimension of A k / U is equal to 2k − length(U ). Given an admissible set T of A n , let T ′ = T ∩ P n−1 . Then T ′ is an admissible set of A n−1 and the Gelfand-Kirillov dimension of A n−1 / T ′ is equal to 2n − 2 − length(T ′ ) by the induction hypothesis. Note that T is one of the following five sets:
To find the Gelfand-Kirillov dimension of A n / T , we will use (2.4). Note that the Gelfand-Kirillov dimension of B is equal to 2n − length(T ′ ) by [11, Example 3.6] . Let I be the ideal of B generated by the canonical images of the above five sets.
The case T = T ′ : Then I = 0, length(T ) = length(T ′ ) and the GelfandKirillov dimension of B/I is equal to that of B, which is equal to 2n − length(T ).
The case T = T ′ ∪ {Ω n }: By the proof of Proposition 2.7, I is the prime ideal y n x n +(q n −p n ) −1 Ω n−1 and length(T ) = length(T ′ )+1. The GelfandKirillov dimension of B/I is less than or equal to 2n − length(T ′ ) − 1 by [11, Corollary 3 .16] and larger than or equal to 2n − length(T ′ ) − 1 since the subalgebra (A n−1 / T ′ )[y n ] of B has the Gelfand-Kirillov dimension 2n − length(T ′ ) − 1 and the canonical map
Hence the Gelfand-Kirillov dimension of B/I is equal to 2n − length(T ).
The case T = T ′ ∪ {y n , Ω n }: By the proof of Proposition 2.7, I = y n and B/I ∼ = (A n−1 / T ′ )[x n ] has the Gelfand-Kirillov dimension 2n − length(T ) since length(T ) = length(T ′ ) + 1.
The case T = T ′ ∪{x n , Ω n }: By the proof of Proposition 2.7, I = x n and B/I ∼ = (A n−1 / T ′ )[y n ] has the Gelfand-Kirillov dimension 2n − length(T ) since length(T ) = length(T ′ ) + 1.
The case T = T ′ ∪ {y n , x n , Ω n }: By the proof of Proposition 2.7, I = y n , x n and B/I ∼ = (A n−1 / T ′ ) has the Gelfand-Kirillov dimension 2n − length(T ) since length(T ) = length(T ′ ) + 2.
K-actions on
In this section, we will show that every K-prime Poisson ideal of A P,Q n,Γ is generated by an admissible set. The statements and proofs of this section are modified from those of [8, §3].
The additive group K acts on A n as follows:
for all elements f ∈ A n . Note that each element of K acts on A n by a Poisson derivation.
Let A be a Poisson algebra and let an additive group H act on A by Poisson derivations. A proper Poisson ideal Q of A is said to be H-prime Poisson ideal if Q is H-stable such that whenever I, J are H-stable Poisson ideals of A with IJ ⊆ Q, either I ⊆ Q or J ⊆ Q. A Poisson algebra A is said to be H-simple if 0 and A are the only H-stable Poisson ideals of A. 
Proof. Let I be a nonzero proper H-Poisson ideal of A[x ±1 ; α] p . Then choose 0 = a ∈ I, of shortest length with respect to x, say a = a k x k +· · ·+a m x m for some k ≤ m, where a i ∈ A for each i and a k , a m = 0. Since x is unit and A∩ I = 0, we may assume that k = 0 and a = a 0 +· · ·+a m x m , where m > 0 and a 0 , a m = 0. Set J = {r ∈ A | r + r 1 x + · · · + r m x m ∈ I for some r 1 , · · · , r m ∈ A} and note that J is a Poisson ideal of A. Given any h ∈ H, let λ h be the h-eigenvalue of x. Since I is H-stable, h(r
, and so h(r) ∈ J. Hence J is an H-Poisson ideal of A, and thus either J = 0 or J = A; by our choice of a, 1 ∈ J. Thus we may assume that a = 1+a 1 x+· · · , a m x m . Since I is H-stable, g(a) = (g(a 1 )+ca 1 )x+· · ·+(g(a m )+mca m )x m ∈ I, which has the length less than a, hence g(a) = 0 and g(a i )
is an element of I with the length less than a. Hence α(a i ) = 0 and thus a i = 0 for all i = 1, · · · , m. It follows that a = 1 ∈ I, a contradiction. As a result, ] is Hsimple. Thus, y i x j ∈ P for some i, j and thus P contains y or x since y and x are both H-stable Poisson ideals of B. If x ∈ P then P/ x is an H-prime Poisson ideal of B/ x , and thus P = x or P = x, y since (B/ x )[y −1 ] is H-simple. Analogously, if P contains y then P = y or P = x, y . As a result, B has only four H-prime Poisson ideals 0, y , x , y, x . (b) Suppose that P is a proper H-Poisson ideal of B such that y j ∈ P for some j > 0. Whenever y j ∈ P for some j > 0, we have that
and hence y j−1 ∈ P since δ(y) is invertible in B by (a). The repeated applications of the above argument guarantee that y ∈ P . Therefore δ(y) = {y, x} − cyx ∈ P , and thus no proper H-Poisson ideal contains a power of y since δ(y) is invertible in B by (a).
(c) By Lemma 1. ∈ T and Ω i / ∈ T (d) for i > 1, y i ∈ N T if and only if Ω i−1 ∈ T and y i / ∈ T (e) for i > 1, x i ∈ N T if and only if Ω i−1 ∈ T and x i / ∈ T Theorem 3.6. For an admissible set T , let E T be the multiplicative set generated by N T .
Applying Lemma 3.2 yields that both
A[y ±1 ; α] p and A[y ±1 ; α] p [(y −1 z) ±1 ; β ′ ] p are H-simple, so B[y −1 ][z −1 ] is H-simple. Let P be an H-prime Poisson ideal of B[z −1 ]. Then P is induced from an H-prime Poisson idealP of B disjoint from {z j | j = 0, 1, · · · }.(B/ z )[y −1 ] ∼ = H B[y −1 ]/(zB[y −1 ]) = A[y ±1 ; α] p [y −1 z; β ′ ] p /(zA[y ±1 ; α] p [y −1 z; β ′ ] p ) ∼ = H A[y ±1 ; α] p .(a) E T ∩ T = φ. (b) A T n = (A n / T )[E −1 T ] is H-simple.
Proof. (a) It follows immediately from Lemma 2.6 (b). (b)
We proceed by induction on n. Let n = 1 and we will apply Lemma 3.3(a). By Remark 2.2,
where β 1 (y 1 ) = −q 1 y 1 , and consider f = (1, 1), g = (−q 1 , 1) ∈ K. Then g acts as β 1 on A 1 and g(x) = x. There are four possible cases for T :
Hence A T 1 is one of the forms
Suppose that n > 1 and A S n−1 is K-simple for any admissible set S ⊆ P n−1 . Note that
by Remark 2.2 and Lemma 2.3. Given an admissible set T of A n , set T ′ = T ∩ P n−1 and let I be the ideal of A n−1 generated by T ′ . Then, since I is {α n , β n , δ n }-stable, Lemma 1.3 gives the following K-equivalence:
where δ n = 0 if Ω n−1 ∈ T ′ , and thus we have
Let E be the multiplicative set generated by N T \(N T ′ ∩ P n−1 ). Then
In order to apply Lemma 3.3 and Lemma 3.4, we will define the necessary elements of K. Set f = (γ 1n , p n − γ 1n , γ 2n , p n − γ 2n , · · · , γ n−1,n , p n − γ n−1,n , 1, p n − 1)
Then f, g ∈ K and f | A n−1 = α n , f (y n ) = y n , f (x n ) = (p n − 1)x n and g| A n−1 [yn;αn]p = β n , g(x n ) = (q n −p n )x n . Note that (−q n +p n )y n x n −Ω n−1 = −Ω n and g(−y −1 n Ω n ) = (q n − p n )(−y −1 n Ω n ). As defined, 1 and q n − p n are nonzero.
There are five possible cases for S:
φ, {Ω n }, {y n , Ω n }, {x n , Ω n }, {y n , x n , Ω n }.
If S = φ then S = 0, and if Ω n−1 ∈ T ′ , then E is generated by y n and x n , so that A
If S = {Ω n } then Ω n−1 / ∈ T ′ and E = {1}, and so
If S = {y n , Ω n } then S = y n and E is generated by x n . Further δ n = 0 since Ω n−1 ∈ T ′ and
If S = {x n , Ω n } then S = x n and E is generated by y n . Moreover δ n = 0 and A
Lastly, if S = {y n , x n , Ω n } then Ω n−1 ∈ T ′ and E = {1}, and so
is K-simple by Lemma 3.3. Therefore we conclude that A T n is K-simple for every admissible set T . Lemma 3.7. Let P be a K-prime Poisson ideal of A n . Then T = P ∩ P n is an admissible set.
Proof. For convenience, set Ω 0 = 0. Suppose that y i ∈ T , i = 1, · · · , n.
Since y i and x i are both K-eigenvectors and Poisson normal modulo Ω i−1 , we have that y i , Ω i−1 and x i , Ω i−1 are K-stable Poisson ideals and y i , Ω i−1 x i , Ω i−1 ⊆ P, and hence we have y i ∈ P or x i ∈ P . Therefore, if Ω i , Ω i−1 ∈ T , i = 1, · · · , n then y i ∈ T or x i ∈ T . It follows that T is an admissible set of A n . Theorem 3.8. Every K-prime Poisson ideal of A n is generated by an admissible set.
Proof. Let P be a K-prime Poisson ideal of A n and let T = P ∩ P n . Then T is an admissible set by Lemma 3.7 and P/ T is a K-prime Poisson ideal of A n / T . By definition, N T ∩ T = φ and so N T ∩ P = φ, and hence N T ∩ P/ T = φ, where each element of N T is Poisson normal in A n / T . Recalling that E T is the multiplicative set generated by N T , we have that
] is a K-prime Poisson ideal of A T n , and so (P/ T )[E T −1 ] = 0 since A T n is K-simple by Theorem 3.6. Therefore, P/ T = 0, so P = T .
A relation between Poisson spaces and Quantum spaces
We set Λ = Z n , the free abelian group with finite rank n and let u : Λ × Λ :−→ k be an antisymmetric biadditive map, that is,
for α, β, β ′ ∈ Λ. Then the group algebra kΛ becomes a Poisson algebra with Poisson bracket {x α , x β } = u(α, β)x α+β . This Poisson algebra is denoted by k u Λ. (See [14,  §2] .) Set Λ + = (Z + ) n and let k u Λ + be the subalgebra of k u Λ generated by all x α , α ∈ Λ + . Note that k u Λ + is isomorphic to the commutative polynomial ring k[
is a Poisson algebra with Poisson bracket
for all i, j, where ǫ i are the standard basis for Λ.
Let r = (r ij ) be a skew-symmetric n × n-matrix with entries in k. Then there exists an antisymmetric biadditive map u :
for all i, j. This Poisson algebra is denoted by Q(r).
Definition 4.1. Let r n be the following skew-symmetric 2n × 2n-matrix determined by the defining coefficients in A n = A P,Q n,Γ given in Theorem 2.1:
Hence there exists the Poisson algebra
, which is called the Poisson algebra attached to A n .
i is not a root of unity for each i = 1, · · · , n. Further, let Γ = (γ ij ) ∈ M n (k × ) be a multiplicative skew-symmetric matrix, that is, γ ji = γ −1 ij and γ ii = 1 for all i, j. Then K P,Q n,Γ is the k-algebra generated by y 1 , x 1 , · · · , y n , x n satisfying the following relations:
We simply write K n for K P,Q n,Γ unless any confusion arises. As in [8, Lemma 2.1 and Definition 2.2], set
for each i = 1, · · · , n and a subset T ⊆ {y 1 , x 1 , Ω 1 , · · · , y n , x n , Ω n } = P n ⊆ K n is said to be an admissible set of K n if T satisfies the conditions (a) and (b) of Definition 2.4.
Let s = (s ij ) be a multiplicative skew-symmetric n × n matrix over k. Then the multiparameter quantized coordinate ring R(s) of affine n-space is the algebra generated by x 1 , · · · , x n subject to the relations (5)] Let s n be the following multiplicative skew-symmetric 2n × 2n-matrix determined by the defining coefficients in K n = K P,Q n,Γ given in Definition 4.2:
Note that each entry of r n given in Definition 4.1 is the additive form of the corresponding entry of s n . Since s n is a multiplicative skew-symmetric matrix, there exists the multiparameter quantized coordinate ring R(s n ) of affine 2n-space, which is called the quantized algebra attached to K n .
Let I be an ideal of a Poisson algebra A. Denote by V p (I) the set of all prime Poisson ideals of A containing I. That is,
Since J = ∩V p (I) is a semiprime Poisson ideal and V p (I) = V p (J), the closed sets of pspec A are exactly the sets V p (I) for semiprime Poisson ideals I of A. Proof. Let P be a prime Poisson ideal of A and let V p (P ) = V p (I) ∪ V p (J) for some ideals I, J. Then we have and thus P contains I or J, say I ⊆ P . Hence we have that V p (P ) = V p (I). It follows that V p (P ) is irreducible.
Conversely, let V p (P ) be an irreducible set for some semiprime Poisson ideal P . Since A is noetherian and P is semiprime, P = Q 1 ∩ · · · ∩ Q n an intersection of finitely many prime ideals minimal over P by [5, Theorem 2.4 ]. Since each (Q i : H(A)) is a prime Poisson ideal containing P by [14, Lemma 1.3] and Q i is a prime minimal over P , we have
Lemma 4.6. For admissible sets T and
clearly, and if T ∩ {y 1 , · · · , y n } = T ′ ∩ {y 1 , · · · , y n } then there exists x i such that one of T and T ′ contains x i and the other does not contain x i , say x i ∈ T and x i / ∈ T ′ . If i = 1 then X 1 ∈ η(T ) and X 1 / ∈ η(T ′ ), and so η(T ) = η(T ′ ). Assume that i > 1. Then Ω i−1 ∈ T and so Ω i−1 ∈ T ′ , and hence y i ∈ T ′ since Ω i ∈ T ′ and x i / ∈ T ′ . It follows that X i ∈ η(T ) and X i / ∈ η(T ′ ), and thus
is a Poisson isomorphism, where
For every P ∈ spec T A n , there exists a unique element Ψ T (P ) of spec η(T ) Q(r n ) such that Ψ ′ T ((P/ T ) e ) = (Ψ T (P )/ η(T ) ) e , and conversely, for each Q ∈ spec η(T ) Q(r n ), there exists a unique P ∈ spec T A n such that Ψ ′ T ((P/ T ) e ) = (Q/ η(T ) ) e . Moreover, the map
is a homeomorphism, if P and Q are prime ideals of A n such that P ⊆ Q, P ∩ P n = T, Q ∩ P n = T ′ then T ⊆ T ′ and Ψ T (P ) ⊆ Ψ T ′ (Q), and P ∈ pspec T A n is symplectic if and only if Ψ T (P ) is symplectic.
(c) The map Ψ :
Proof. (a) Define an algebra homomorphism
where
It is checked by a straight calculation that ψ T is a Poisson homomorphism. We will prove that
If y i ∈ T then Ω i−1 ∈ T and thus Y i−1 X i−1 ∈ η(T ) and
, and so ψ T (Ω i ) = 0 for all Ω i ∈ T . Moreover, ψ T (x i ) = 0 for all x i ∈ T and ψ T (y i ) = 0 for all y i ∈ T clearly. It follows that T ⊆ ker ψ T and thus there exists a Poisson epimorphism
Note that the number of elements in η(T ) is equal to length(T ) and thus the Gelfand-Kirillov dimension of (Q(r n )/ η(T ) )[U T is prime, and thus ψ T = Ψ ′ T is a Poisson isomorphism by [11, Proposition 3.16] .
(b) For every P ∈ spec T A n , the extended ideal (P/ T ) e is a prime ideal of (A n / T )[Y T −1 ] since P ∩ Y T = φ, and thus, by (a), there exists a prime
by the second formula of (4.2), and thus
) e by (a) and thus Ω i ∈ P by the third formula of (4.2). It follows that Ω i ∈ T and x i / ∈ T since X i / ∈ η(T ). If i = 1 then Ψ ′ T (x 1 ) = X 1 and if i > 1 then y i ∈ T by the definition of η(T ) since Ω i ∈ T, x i / ∈ T, X i / ∈ η(T ), and so Ω i−1 ∈ T . Thus Ψ ′ T (x i ) = X i ∈ (Ψ T (P )/ η(T ) ) e for any i by the definition of Ψ ′ T . Hence x i ∈ P by the third formula of (4.2) and thus x i ∈ T and X i ∈ η(T ), a contradiction. Therefore we have that Ψ T (P ) ∩ {Y 1 , X 1 , · · · , Y n , X n } = η(T ) by the first formula of (4.2). Conversely if Q ∈ spec η(T ) Q(r n ) then there exists a unique element P ∈ spec T A n such that Ψ ′ T ((P/ T ) e ) = (Q/ η(T ) ) e since Ψ ′ T is an algebra isomorphism.
Since Ψ ′
T is a Poisson isomorphism, we have that P ∈ pspec T A n if and only if Ψ T (P ) ∈ pspec η(T ) Q(r n ) and the map
is a homeomorphism. Let P and Q be prime ideals of A n such that P ⊆ Q, P ∩ P n = T and Q ∩ P n = T ′ . Then T and T ′ are admissible sets such that
The fact that P ∈ pspec T A n is symplectic if and only if Ψ T (P ) is symplectic will be proved after the proof of Theorem 4.10.
(c) By (b), it is clear that Ψ is bijective. For a prime Poisson ideal P of A n with P ∩ P n = T , let us show that
If (4.3) is true then Ψ −1 is continuous by Lemma 4.4. Let Q ∈ V p (P ) and
Conversely, let Q be a prime Poisson ideal of A n such that Q ∩ P n = T ′ and
T ′ ] generated by η(T ′ ) for all f ∈ A n , and hence Ψ(V p (P )) = V p (Ψ T (P )) ∩ ImΨ, as claimed.
For any ideal I of Q(r n ), we have that (i) P is symplectic (i.e., there exists a maximal ideal M of A such that P is the largest Poisson ideal contained in M ). (ii) P is rational (i.e., the Poisson center of the quotient field of A/P is algebraic over k).
(iii) P is locally closed (i.e., the intersection of all prime Poisson ideals properly containing P is strictly larger than P ). 
Proof. Let P be a prime Poisson ideal of Q(r). If P is locally closed then P is symplectic by [14, Proposition 1.7] since Q(r) is a Jacobson ring, and if P is symplectic then P is rational by [14, Proposition 1.10]. Let P be a rational prime ideal and set If P is a maximal element of pspec W Q(r) and Q is a prime Poisson ideal of Q(r) which contains P properly then Q has an element x i which is not in P . Hence the intersection of all prime Poisson ideals properly containing P is strictly larger than P . It follows that P is locally closed. Proof. Let P be a prime Poisson ideal of A n . Note that A n is a Jacobson ring since A n is a finitely generated commutative ring. If P is locally closed then P is symplectic by [14, Proposition 1.7] , and if P is symplectic then P is rational by [14, Proposition 1.10]. Let P be rational and set T = P ∩ P n . Then T is an admissible set by Proposition 2.8 and Ψ T (P ) is a rational prime Poisson ideal of Q(r n ) such that Ψ T (P ) ∩ {Y 1 , X 1 , · · · , Y n , X n } = η(T ) by Lemma 4.7 (b). Hence Ψ T (P ) is a maximal element of the set pspec η(T ) Q(r n ) by Proposition 4.9, and thus P is a maximal element of pspec T A n by Lemma 4.7 (b).
Let P be a maximal element of pspec T A n and let Q be a prime Poisson ideal of A n which properly contains P . Then Q ∩ P n contains properly the admissible set T . Hence the intersection of all prime Poisson ideals Q of A n properly containing P is strictly larger than P since admissible sets are finite. It follows that P is locally closed. It completes the proof.
The proof of Lemma 4.7 (b) : For any P ∈ pspec T A n , P is symplectic if and only if P is a maximal element of pspec T A n by Theorem 4.10, and Ψ T (P ) is a symplectic ideal of Q(r n ) if and only if Ψ T (P ) is a maximal element of pspec η(T ) Q(r n ) by Proposition 4.9. Hence P is symplectic if and only if Ψ T (P ) is symplectic since Ψ T preserves inclusion by Lemma 4.7 (b).
The map Υ ′ T of the following Lemma 4.11 (a) is modified from the map given in [3, Proposition 2.7].
Lemma 4.11. Let T be an admissible set of
is an algebra isomorphism, where
n,Γ is a homeomorphism such that its restriction Υ| primK (c) Note that the irreducible closed sets of spec K n are exactly the sets V(P ) for prime ideals P of K n and that K n is noetherian by [8, Theorem 4.12] . The result follows immediately from an argument mimicking the proof of Lemma 4.7 (c).
Remark 4.12. Let P, Q, Γ be the ones given in Definition 4.2 and let G be the multiplicative subgroup of k × generated by all p i , q j , γ ij . Then, by [16, Lemma 2.4] , there exists a group homomorphism φ from G into k such that its restriction to the torsion free subgroup of G is injective. Since each
is not a root of unity, we have φ(p i ) = φ(q i ) for i = 1, 2, · · · , n. Set
Note that φ(Γ) is a skew-symmetric n × n-matrix with entries in k since Γ is a multiplicative skew-symmetric n × n-matrix. 
is also a topological quotient map. Moreover, if φ is a monomorphism then both π and π| sympA
are homeomorphisms.
Proof. By Theorem 2.1 and Remark 4.12, the Poisson algebra A
. Let s n = (s ij ) be the 2n × 2n-matrix attached to K P,Q n,Γ which is given in Definition 4.3. Note that φ(s n ) = (φ(s ij )) is the attached matrix to the Poisson algebra A by Definition 4.1 and Definition 4.3, and that Q(φ(s n )) is the Poisson algebra attached to A. Note that Q(φ(s n )) is Poisson isomorphic to k u Λ + for a suitable antisymmetric biadditive map, where Λ + = (Z + ) 2n , that R(s n ) is the multiparameter quantized coordinate ring of affine 2n-space corresponding to the antisymmetric 2n × 2n-matrix s n , and that T pspec η(T ) Q(φ(s n )) ⊆ pspec Q(φ(s n )) and T spec η(T ) R(s n ) ⊆ spec R(s n ). Let π 2 : pspec Q(φ(s n )) −→ spec R(s n ) π 2 | symp Q(φ(sn)) : symp Q(φ(s n )) −→ prim R(s n ) be the topological quotient maps given in [16, Corollary 3.6] . Then the restriction of π 2 to the surjection is a topological quotient map such that its restriction to sympA is also a topological quotient map by Lemma 4.13, and both π and π| sympA are homeomorphisms if the group homomorphism φ is injective. Lemma 4.16. Let P be a symplectic ideal of A n . Then P = ∩{M ∈ max A n | (M : H(A n )) = P }.
Proof. By Proposition 2.8, the set P ∩ P n = T is an admissible set. Let M be a maximal ideal of A n such that M ∩ P n = T and P ⊆ M . Then (M : H(A n )) = P since (M : H(A n )) is a symplectic ideal containing P and P is a maximal element of pspec T A n by Theorem 4.10. Hence it is enough to show that there exists a set U of maximal ideals M of A n such that M ∩ P n = T , P ⊆ M and ∩U = P .
Let M be a prime ideal of A n such that M ∩ P n = T and Ψ T (M ) is a maximal ideal of Q(r n ). Then the extension (M/ T ) e is a maximal ideal of ( k ] is a Jacobson ring, Q is an intersection of maximal ideals of B. Hence the symplectic ideal Ψ T (P ) is an intersection of maximal ideals N of Q(r n ) such that Ψ T (P ) ⊆ N and N ∩ {Y 1 , X 1 , · · · , Y n , X n } = η(T ). It follows by the above paragraph and Lemma 4.7 (b) that P is an intersection of maximal ideals M of A n such that P ⊆ M and M ∩ P n = T . It completes the proof. is surjective by the definition of symplectic ideals. A subset U of max A n is said to be relatively π-stable provided that U = max A n ∩ V for some subset V ⊆ spec A n with V = π −1 (π(V )). If a subset U of max A n is relatively π-stable then ∩U is an intersection of symplectic ideals of A n by Lemma 4.16, and thus the restriction π| max An : max A n −→ symp A n is also a topological quotient map by [14, Lemma 1.3] . 
